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Introduction
In the paper, we study a linear Volterra difference equation where n ∈ AE 0 : {0, 1, 2, . . .}, a : AE 0 → Ê, K : AE 0 ×AE 0 → Ê, and b : AE 0 → Ê\{0} is ω-periodic, ω ∈ AE : {1, 2, . . .}. We will also adopt the customary notations for all n ∈ AE 0 .
In this paper, in general, we do not assume that 1.3 holds. Then, we are able to derive sufficient conditions for the existence of a weighted asymptotically ω-periodic solution of 1.1 . We give a definition of a weighted asymptotically ω-periodic function. Apart from this, when we assume
then, as a consequence of our main result Theorem 2.2 , the existence of an asymptotically 2ω-periodic solution of 1.1 is obtained. For the reader's convenience, we note that the background for discrete Volterra equations can be found, for example, in the well-known monograph by Agarwal 2 , as well as by Elaydi 3 
Weighted Asymptotically Periodic Solutions
In this section, sufficient conditions for the existence of weighted asymptotically ω-periodic solutions of 1.1 will be derived. The following version of Schauder's fixed point theorem given in 14 will serve as a tool used in the proof. Lemma 2.1. Let Ω be a Banach space and S its nonempty, closed, and convex subset and let T be a continuous mapping such that T S is contained in S and the closure T S is compact. Then, T has a fixed point in S.
We set β n :
Moreover, we define
where · is the floor function the greatest-integer function and n * is the "remainder" of dividing n − 1 by ω. Obviously, {β n * }, n ∈ AE is an ω-periodic sequence. Now, we derive sufficient conditions for the existence of a weighted asymptotically ω-periodic solution of 1.1 . 
2.4
and that at least one of the real numbers in the left-hand sides of inequalities 2.4 is positive. Then, for any nonzero constant c, there exists a weighted asymptotically ω-periodic solution
that is,
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Proof. We will use a notation M :
whenever this is useful.
Case 1.
First assume c > 0. We will define an auxiliary sequence of positive numbers {α n }, n ∈ AE 0 . We set α 0 :
where the expression on the right-hand side is well defined due to 2.4 . Moreover, we define α n :
for n ≥ 1. It is easy to see that
We show, moreover, that
for any n ∈ AE. Let us first remark that
Then, due to the convergence of both series see 2.4 , the inequality
obviously holds for every n ∈ AE and 2.11 is proved.
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Let B be the Banach space of all real bounded sequences z : AE 0 → Ê equipped with the usual supremum norm z sup n∈AE 0 |z n | for z ∈ B. We define a subset S ⊂ B as
2.14
It is not difficult to prove that S is a nonempty, bounded, convex, and closed subset of B.
Let us define a mapping T : S → B as follows:
for any n ∈ AE 0 .
We will prove that the mapping T has a fixed point in S.
We first show that T S ⊂ S. Indeed, if z ∈ S, then |z n − c| ≤ α 0 for n ∈ AE 0 and, by 2.11 and 2.15 , we have
Next, we prove that T is continuous. Let z p be a sequence in S such that z p → z as p → ∞. Because S is closed, z ∈ S. Now, utilizing 2.15 , we get
2.17
Therefore,
2.18
This means that T is continuous. Now, we show that T S is compact. As is generally known, it is enough to verify that every ε-open covering of T S contains a finite ε-subcover of T S , that is, finitely many of these open sets already cover T S 15 , page 756 12 . Thus, to prove that T S is compact, we take an arbitrary ε > 0 and assume that an open ε-cover C ε of T S is given. Then, from 2.10 , we conclude that there exists an n ε ∈ AE such that α n < ε/4 for n ≥ n ε .
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Suppose that x 1 T ∈ T S is one of the elements generating the ε-cover C ε of T S . Then as follows from 2.16 , for an arbitrary x T ∈ T S ,
if n ≥ n ε . In other words, the ε-neighborhood of x 1 T − c * :
where c * {c, c, . . .} ∈ S covers the set T S on an infinite interval n ≥ n ε . It remains to cover the rest of T S on a finite interval for n ∈ {0, 1 . . . , n ε − 1} by a finite number of ε-neighborhoods of elements generating ε-cover C ε . Supposing that x 1 T itself is not able to generate such cover, we fix n ∈ {0, 1, . . . , n ε − 1} and split the interval 
2.23
Finally, the set and can be divided into a finite number
Abstract and Applied Analysis 7 of different subintervals 2.22 . This means that, at most, M ε of elements generating the cover C ε are sufficient to generate a finite ε-subcover of T S for n ∈ {0, 1, . . . , n ε − 1}. We remark that each of such elements simultaneously plays the same role as x 1 T n for n ≥ n ε . Since ε > 0 can be chosen as arbitrarily small, T S is compact. By Schauder's fixed point theorem, there exists a z ∈ S such that z n Tz n for n ∈ AE 0 . Thus,
Due to 2.10 and 2.16 , for fixed point z ∈ S of T, we have
or, equivalently,
2.29
Finally, we will show that there exists a connection between the fixed point z ∈ S and the existence of a solution of 1.1 which divided by B n−1 /ω provides an asymptotically ω-periodic sequence. Considering 2.27 for z n 1 and z n , we get Δz n a n β n 1
where n ∈ AE 0 . Hence, we have z n 1 − z n a n β n 1
2.31
Putting z n x n β n , n ∈ AE 0 2.32 in 2.31 , we get 1.1 since
x n 1 β n 1 − x n β n a n β n 1 1 β n 1 
2.34
Consequently, x defined by 2.32 is a solution of 1.1 . From 2.29 and 2.32 , we obtain
for n → ∞ where o 1 is the Landau order symbol . Hence,
x n β n c o 1 , n −→ ∞.
2.36
It is easy to show that the function β defined by 2.1 can be expressed in the form
for n ∈ AE 0 . Then, as follows from 2.36 ,
The proof is completed since the sequence {β n * 1 } is ω-periodic, hence bounded and, due to the properties of Landau order symbols, we have
and it is easy to see that the choice 
2.44
Or, in other words, 1.1 has a solution that can be represented by formula 2.44 as
2.45
with c 0 −c and v * n −v n . In 2.45 , c 0 < 0 and the function v * n has the same properties as the function v n . Therefore, formula 2.6 is valid for an arbitrary negative c as well. Now, we give an example which illustrates the case where there exists a solution to equation of the type 1.1 which is weighted asymptotically periodic, but is not asymptotically periodic. Example 2.3. We consider 1.1 with a n −1
that is, the equation
The sequence b n is 2-periodic and
2.48
By virtue of Theorem 2.2, for any nonzero constant c, there exists a solution x : AE 0 → Ê of 1.1 which is weighed asymptotically 2-periodic. Let, for example, c 2/3. Then,
2.49
and the sequence x n given by x n
is such a solution. We remark that such solution is not asymptotically 2-periodic in the meaning of Definition 1.1.
It is easy to verify that the sequence x * n obtained from 2.51 if v n 0, n ∈ AE 0 , that is,
is a true solution of 2.47 .
Concluding Remarks and Open Problems
It is easy to prove the following corollary. x n ∞.
3.3
Finally, if B > 1, then, for every solution x x n of 1.1 described by formula 2.6 , one has
and if B < −1, then, for every solution x x n of 1.1 described by formula 2.6 , one has
Now, let us discuss the case when 1.6 holds, that is, when Proof. Putting B −1 in Theorem 2.2, we get
Due to the definition of n * , we see that the sequence
is an ω-periodic sequence. Since
for n ∈ AE 0 , we have
Therefore, the sequence
14 is a 2ω-periodic sequence. Set
The proof is completed. since u n 0. In the light of Definition 1.2, we can treat this case as follows. We set as a singular case u ≡ 0 with an arbitrary possibly other than "ω period and with v o 1 , n → ∞. 
